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Abstract 



The thermodynamics of black holes in various dimensions are described in 
the presence of a negative cosmological constant which is treated as a ther- 
modynamic variable, interpreted as a pressure in the equation of state. The 
black hole mass is then identified with the enthalpy, rather than the internal 
energy, and heat capacities are calculated at constant pressure not at con- 
stant volume. The Euclidean action is associated with a bridge equation for 
the Gibbs free energy and not the Helmholtz free energy. Quantum correc- 
tions to the enthalpy and the equation of state of the BTZ black hole are 
studied. 
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1 Introduction 



The thermodynamics of black-holes has been an active and fascinating area 
of research ever since the early papers of Beckenstein and Hawking's deriva- 
tion of the temperature associated with the event horizon, [HE]- In most 
treatments of black-hole thermodynamics the cosmological constant, A, is 
treated as a fixed parameter (possibly zero) but it has been considered as 
a dynamical variable in [3] H] and it has further been suggested that it is 
better to consider A as a thermodynamic variable, [3 EJ EJ [9| . Physically 
A is interpreted as a thermodynamic pressure in [9], consistent with the ob- 
servation in [7] that the conjugate thermodynamic variable is proportional 
to a volume. This naturally leads to a slightly different interpretation of the 
black-hole mass than is usual in thermodynamic treatments, the black-hole 
mass is equated with enthalpy, H, in [9] rather than the internal energy E, 
as is more usual. 

A black-hole with a positive cosmological constant has both a cosmologi- 
cal event horizon and a black-hole event horizon, these have different Hawking 
temperatures associated with them in general which necessarily complicates 
any thermodynamical treatment. We shall therefore focus on the case of a 
negative cosmological constant in this work though, many of the conclusions 
are applicable to the positive A case. The negative A case is of course of 
interest for studies on AdS / CFT correspondence and the considerations here 
are likely to be relevant to current attempts to model condensed matter sys- 
tems in 2 + 1 dimensions using the boundary of 3 + 1 dimensional anti-de 
Sitter space, see e.g. [10]. In particular quantities calculated at constant A 
correspond physically to constant pressure: specific heats, for example, are 
specific heats at constant pressure and not specific heats at constant volume 
and it is the former that are more relevant to solid state applications. 

In this work the idea that A is a thermodynamic pressure, and the conju- 
gate variable a thermodynamic volume, is elaborated on and the thermody- 
namical structure developed further. The relation between various thermo- 
dynamical potentials and the black-hole equation of state in anti-de Sitter 
space is explored in detail. §2 deals with the thermodynamic potentials in 
the 4-dimensional case; §3 discusses the black-hole equation of state and 
§4 the partition function. In §5 the discussion is extended to arbitrary di- 
mensions while §6 deals specifically with the 3-dimensional case of the BTZ 
black-hole, for which quantum corrections to the thermodynamical potential 
are known, at least perturbatively. Finally §6 summarizes the main points 
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and conclusions. 



2 Enthalpy 

Consider a black hole with mass M in the presence of a cosmological constant 
A. The cosmological constant generates a pressure 

and has an energy density e associated with it with e + P = 0, i.e. the 
enthalpy density associated with A is zero. If the black hole has a volume V 
the total energy contained in V is 

E = M + eV = M-PV => M = E + PV, 

hence M is most naturally associated with the enthalpy H of the black hole 

H = E + PV. 

It is not obvious what the volume of a black hole should be. The naive 
identification of V with the volume of a sphere with the radius of the event 
horizon is too simplistic since the radial co-ordinate is time-like inside the 
horizon and is not the volume of any space-like section of space-time 
inside the horizon. It is suggested in [9] that V be identified with the volume 
excluded by the black hole horizon from a spatial slice exterior to the black 
hole, giving the naive result V = -y^ but from a more physically acceptable 
perspective. For the moment we shall leave V unspecified and determine it 
below from thermodynamic considerations. 

The natural variables for enthalpy are entropy and pressure, so we should 
view M as a function of S and P, 

M = H(S, P). 

The functional form of H is determined by the geometry together with the 
Hawking relation, that entropy is one quarter of the horizon area 

S = ^ = ^ (2) 



hG 



N 
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where I = ^/KGn is the Planck length^] 

The metric of four- dimensional space-time is given by 

d 2 s = -f(r)dt 2 + f-\r)dr 2 + r 2 dQ 2 , 

with 

2G N M A 2 
f(r) = 1 g-r , (3) 

and (ifi 2 = d6* 2 + sin 2 (9a?</> 2 the solid angle area element. The event horizon 
is defined by f(r h ) = 0, 

~rj| -r h + 2G N M = 0. (4) 

One can solve the cubic equation to find r/,(M, A) analytically, but the 
explicit form will not be needed in the following. For A > and < 
?>M\/XGn < 1 there are two event horizons and the region of space-time 
outside the black hole horizon but inside the de Sitter horizon lies between 
them. They coincide when 3M\/AGn = 1- Each event horizon has a differ- 
ent Hawking temperature associated with it and the system is not in thermal 
equilibrium. In order to ensure thermal equilibrium we shall assume A < 
in the following. 



Equation (jHJ) gives the mass as 



Identifying M with the enthalpy and using ([T]) and 




w=*b(vi (i+^H- («) 

The usual thermodynamic relations can now be used to determine the 
temperature and the volume, 

4 (l 2 ff)§ _ Anrf, 
3 




In the ensuing analysis we shall make factors of Gn and h explicit in order to exhibit 
clearly which aspects of the physics are classical and which are quantum. Note that 
£ 2 S = ~kt\ is a classical quantity, S diverges in the classical limit while £ 2 S remains finite. 
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The Hawking temperature (|7D comes as no surprise since it follows from the 
usual formula relating the temperature to the surface gravity k at the event 
horizon 

= hK = hf'(r h ) 
2n An 



Varying (BJ gives 



df 



dM--£dA + f(r h )dr h = 0, 

Th 3 



so 



DM 



dr h 



dM 



dS 



which is equation (J7J). Equation ([8]) suggests that the "naive" volume is 
indeed the correct one to use in thermodynamic relations. 
Legendre transforming ([6]) gives the internal energy 



E(S, V) = H(S, P) - PV 



1 



2G 



N 



i£ 2 S 



71 



(9) 



but the Legendre transform is not invertible: because H(S, P) is linear in 
P, E(S, V) is independent of V and so the pressure cannot be determined 
from a knowledge of E(S, V) alone. For the same reason T = ^ gives the 
wrong answer for the temperature if the pressure is non-zero. 

Nevertheless we can still use (JSJ) to determine the heat capacity at con- 
stant pressure using the standard thermodynamic relation 



dT 




dS 


P 



One finds 



C P = 2S 



' %G N Pi 2 S + l ^ 
8G N P£ 2 S-1 / 
The heat capacity at constant volume 



(10) 



dT 




dS 


V 



T 



dS_ 
df 



v 



vanishes, if we use the Hawking formula fl2]), since the variation of the entropy 
is necessarily zero when the volume, and hence r^, is fixed. 
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It could have been anticipated in advance that Cy = 0, from 0: E 

2 

depends only on S and S = Jr (f^) 3 is a function of V alone so E is constant 
if V is held fixed as the temperature is varied. 

Local stability requires that Cp > so 8GnP£ 2 S > 1, or equivalently 



-Ar£ > 1, 

so A must be negative. The fact that black holes can be thermodynami- 
cally stable in anti-de Sitter space-time is well known [12]. Physically this 
condition for stability can be understood as follows. For A < the vacuum 
energy density e < so the black hole contains negative vacuum energy. As 
it radiates at constant pressure, and hence constant e, the volume decreases 
and the vacuum energy it contains increases (becoming less negative). At 
the same time its temperature increases hence the energy can go up as the 
temperature goes up, if |A| is large enough the heat capacity is positive and 
the black hole is stabilised by the negative vacuum energy. 
Local stability therefore implies a minimum temperature 



T m in = (U) 

below which the black hole is not stable, corresponding to the divergence 
in Cp when |^ = 0. As is well known, this is below the Hawking-Page 

temperature, Tup = fo-y/ 8( ^ p , below which pure AdS space, with no black 
hole and M — 0, has a lower free energy than that of a black hole with the 
same A and M > which occurs for r h = y/jfp [12] ■ 

3 The black hole equation of state 

Writing equation (J7J) in terms of V and P gives the black hole equation of 

state 

For a given pressure there is a minimum volume at T 7 



mini 

3 



4"7T / 1 

V(T min ) = — (g^j-^ ) • 
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Figure 1 shows T(V) for various pressures and figure 2 shows the black 
hole indicator diagram, P(V), for various temperatures. The temperature as 
a function of entropy, at constant pressure, is shown in figure 3, for compar- 
ison with the J = Q = case in figure 1 of [5]. 



4 The partition function 

A key concept in understanding black hole thermodynamics is the relation 
between the Euclidean path integral and the black hole partition function 
[TT] . Defining the Euclidean action requires a regularisation procedure as 
the volume of space-time is infinite and the Ricci scalar is non-zero [12]. A 
regularised Euclidean action can be obtained by adding surface terms at large 
r to cancel the infinities arising from taking r — > oo in the bulk integrals, 
[T3| 115] . Two terms are necessary, one corresponding the extrinsic curvature 
of the sphere at large radius, involving the unit normal n^, and one simply 
proportional to the area of the sphere, 



l — ( (R-2A)^d A x 
tGm Jm 



16ttG n jm 
1 

4 



l^,n u ^d 3 x-— l — [ V^fd 3 x. (14) 

Gat JdM 27tGatL JdM 



In [UJ the integral is taken over < r < oo with 7 the three-dimensional 
metric on the asymptotic boundary dA4, r — > 00. In particular the event 
horizon is not considered to be part of dAi. L is the AdS length scale, 
A = — J?, and the Euclidean time parameter x° is periodic with < x° < ^. 
Performing the integrals gives 

- rh as) 



4G^T 



In the Euclidean approach to quantum gravity, [12J, this is related to the 
partition function Z = e _/ through the bridge equation 

TI=-T\nZ, (16) 

and hence TI is identified with the free energy 



r h A , Ar 



1+ 3 ■ < 17) 
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But is this the Helmholtz free energy F(T, V) or the Gibbs free energy 
G(T,P)? 

The functional integral is performed with fixed T and A, so F{T, A) 
should be though of as a function of T and A and, using (jTJ), it is readily 
shown that 

2 3 



Hence 



dP 
dT 



xrl n . OP 

b and 



= -8rrG N % 

rp OA 



4vrr| = y 



G N h dP 

' (19) 

These are the thermodynamic relations associated with the Gibbs free energy, 
G(T, P), and not the Helmholtz free energy. It is natural therefore to identify 
P = G(T, P) with the Gibbs free energy. The enthalpy is the Legendre 
transform of the Gibbs free energy H = G + TS and a simple calculation 
shows that H = M is the black-hole mass. 

Euler's equation for thermodynamic potentials follows from dimensional 
analysis. Equation (j3J) is invariant under the rescalings r h — > r]r h , A — > rj~ 2 A 
and M — > rjM (keeping G^ fixed). Hence 

rjM(S,P) = M(r] 2 S,r]' 2 P) M = 2(TS-PV), 



which is easily checked. This is Smarr's formula [16J treated from the same 
point of view as in [9]. A simple consequence of this scaling argument is that 
M(S, P) must have the functional form 

M = ^<5>{SP) 

for some function <&(SP): in fact ([6]) shows that Q(SP) is a linear function. 
Corrections to the entropy can modify this simple scaling analysis. 



5 Higher dimensional black holes and differ- 
ent event horizon geometries 

In D space-time dimensions the AdS-Schwarzschild line element is 

d 2 s = -f{r)dt 2 + f- l {r)dr 2 + r d dQ 2 {d) , (20) 
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where d = D — 2 and dVt 2 ^ is the line element on a d-dimensional sphere of 
unit radius. Denoting the volume of the unit sphere by 



2tt2 

S Li 



no 

the D-dimensional Einstein equations give the function f(r) to be 

f[r) - ! _ l^vJL ^_ r ^ (21) 

with A < for AdS, [Tf]. 

A more general line element is possible if surfaces of constant r are taken 
to be any Einstein space with constant curvature, such as flat space or d- 
dimensional hyperbolic spaces. Replacing the spherical line element d£lh\ 
in ( 1201) by the appropriate constant curvature line element in each case we 
denote the line element by dfth k \ and the volume by fl(d,k)- For example 
k — +1 for spheres, —1 for hyperbolic space and for flat space. Einstein's 
equations are now solved by replacing the function f(r) witfH 

f(r) - k — 2A p (22) 

m ~ k n m dr^ d(d+i) r - (22) 

For a general constant curvature Einstein space with d- dimensional Ricci 
tensor 

where A is a constant and i,j = 1, . . . ,d, the d- dimensional Ricci scalar is 
R(d) = Ac? and ff20l) solves Einstein's equations with cosmological constant A 
provided 

k 



A R(d) 



d-1 d(d-l)' 

and dQ^ d k ^ corresponds to the line element of the Einstein metric of the event 
horizon. Note that Q(d,k) is dimensionless in the conventions adopted here, 
the event horizon has area rfVL^^) and Ru) is a dimensionless constant fixed 
by the geometry of the event horizon, in particular it does not depend on rv 



2 For flat space the volume can be taken to be finite by making periodic identifications 
to get the topology of a torus. For negatively curved spaces the same procedure gives 
more complicated topologies, e.g. higher genus surfaces for d = 2. 
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The analysis of §2] is easily repeated with minor modifications. In D 
dimensions the Planck length is given by l d = fiG^ and the entropy is 



S 



n 



(d,k) r h 



4 l d ' 



Equating M with the enthalpy and A 



l^Np results in 

a 



R 



{ d) 



Al d S 



d-i\n 



d 16nG N P 
+ 



Al d S 



(d,k). 



d+1 



n 



(d,k) , 



(23) 



(24) 



from which all thermodynamic quantities can be calculated. 
The thermodynamic volume is the naive result 



V 



d+1 



and the equation of state is 



T 



h 



And 



R, 



(d) 



(d+l)V s 



i 

" d+1 



+ 16irG N P 



(d,k) 



\d+l)V s 



d+1 



(d,k) 



(25) 



(26) 



For positive k there is a minimum temperature and volume for any given 
fixed pressure 



1 R(d) GnP 



TV 



V(T n 



Q{d,k) 

d+1 



( R(d) 

\1QtiG n P / 



d+1 

2 



and the heat capacity is 



C P = Sd 



16nG N P 



4l d S 

^(d,fe) 



+ R 



16nG N P 



Al d S 



R 



(d) 



which diverges at T min and is negative for T < T min . There is thus a Hawking- 
Page phase transition for any positive curvature event horizon in D > 4 
dimensions, for spatially flat event horizons the specific heat Cp = Sd is 
always positive while for Rr^ < there is no minimum temperature, but 
there is still a minimum value of |A| below which Cp is negative. In all cases 
one must have 

\R(d)\ 



|A|> 



2r£ 



for a black hole to be stable in anti-de Sitter space-time. 
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6 The BTZ black hole 



It is worthwhile studying the special case of the 2 + 1-dimensional BTZ black 
hole, not only because it is conceptually and mathematically simpler than its 
higher dimensional cousins but also because higher order corrections to the 
entropy are easier to calculate and not as uncertain. For a review of BTZ 
black holes see [IB"] . 

The BTZ black hole has line element 



d 2 s = -f(r)dt 2 + f-\r)dr 2 + 
For a non-rotating BTZ black hole 



r 2 c 



r 2 



f(r) = -8G N M + —, 

with cosmological constant A = — -p- giving a pressure P = 8ix q nL i ■ 
The black hole radius 



r h = y 8GnML (27) 

is immediate. The event horizon is a circle and the entropy is one-quarter of 
the circumference in Planck units, 

~27' 

where / = HGn in three dimensions. Identifying the mass with the enthalpy 
then gives 

4/ 2 

H{S, P) = —S 2 P, (28) 

7T 

from which 

T = — — —yr (29) 
V = —S 2 = nrl (30) 

7T 

the standard results (for uniformity of notation the symbol V is used for 
the thermodynamic "volume" , even though it is an area in three space-time 
dimensions). The Gibbs free energy is 

Al 2 S 2 P 

G = H -TS = 2M = —M. 

7T 
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Cp is easily calculated, since T is linear in S we have |^ 



T 

S SO 



dT 




as 


p 



S>0. 



There is no local instability, there is however a global instability since ordi- 



nary 3-dimensional AdS, with f(r) = I + corresponding to M = — , 
has T = giving G = H = — , and so has lower Gibbs free energy than 
the M = black-hole, making it more stable. This suggests a phase transi- 
tion from a black-hole AdS state to pure AdS^ when the Gibbs free energies 
are equal, which happens for M = at a temperature T = Ti\J 2G ^ F , 

Using ( 1301) to express S in terms of V we derive the BTZ equation of state 



PV* = ^— T. 

From (1251) one finds = PV so Legendre transforming gives E — 0, the 
BTZ internal energy vanishes classically. 

The partition function for the BTZ black-hole, including quantum cor- 
rections to all orders in perturbation theory, is given in [21] (earlier attempts 
at calculating corrections to the BTZ black-hole entropy can be found in 
[151 [221 [231 EM]). To understand the structure fully it is necessary to start 
with the rotating black-hole, with metric [18J 



ds 2 = -f(r)dt 2 + -^dr 2 + r 2 (d<j> - ^-dt) " , (31) 
j(r) V r z / 

where 

„ , n. / ^ r 2 lGG^J 2 

and J is the angular momentum, bounded above by J < ML. There are now 
two event horizons, and inner and an outer horizon at r + and r_ respectively, 
with 



r\ = 4G N ML 2 { 1 ± 



1 - 



— ) 

ML J 



(32) 



The Hawking temperature associated with (13T1) is 



r _ /'(*■+) _ (r 2 + -r 2 _)h 
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The entropy corrections described in [21] are best discussed in the Eu- 
clidean formalism. Wick rotating the time parameter sends t — > —He and 
the angular momentum also rotates, J — > %Je- The right hand side of fl32l) 
then translates to 



AG N MIS I 1 ± 



1 + 



/ Je 



\ML 



(34) 



in the Euclidean sector and we see that r + — > te,+ while r_ — > ite- where 



E,± 



AG N ML 2 



1 + 



/ Je 



\ML 



± 1 



(35) 



The partition function is elegantly described in terms of the dimensionless 
complex parameter 

r E - + ir E ,+ , Q „, 
r = (36) 

which has Jm(r) > 0. The inverse Hawking temperature in the Euclidean 
formalism is given by 



2ttT 



(rl i+ + r|_) h 



" h 



Im 



(37) 



The BTZ partition function given in [21] , including all perturbative quantum 
corrections, is most succinctly written by defining q = e 2mT in terms of which 



'BTZ 



(qqY 



imG N 



nil 



,n|-2 



(38) 



n=2 



Equation (|38|) does not include non-perturbative quantum corrections, but 
it suffices to illustrate this discussion of corrections to thermodynamic quan- 
tities. (Note that r in our notation is — - in the notation of [21], and Zbtz 
here is denoted Z 1>0 there). 

We now specialise to the case of zero angular momentum, when 



T 



te + h r + h 



2tt L 2 2ttL 2 ' 
The partition function in this case is 

tv 2 TL 2 00 



2niTL ,r+ 



and 



-47T 



2 LT 



Zbtz = e 2Ria N 



(39) 



n=2 
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Thermodynamic functions can immediately be read off. Defining x = ^ 
7^ f ne Gibbs free energy is 

G(T,P) = -T\nZ BTZ - 



TT 2 X 2 



2G 



N 



+ 2T^ln(l-e- 4 " 2 



n=2 



(40) 



where the first term on the right hand side is the classical result. 

The entropy was calculated in [21] and the enthalpy can be determined 
using the standard formula H(S, P) = G + TS, giving 



H 



7T 2 X 2 



2G 



— 87T X 



N 



n=2 



n 



r 



(41) 



but this is not expressed explicitly in terms of the natural variables S and 
P = Sit q nL 2 , the 5* dependence is only implicit. 

The quantum corrections embodied in the logarithmic terms of (1401) mod- 
ify the thermodynamic volume, 



OP 







= nr 2 h 

T 







E 

n=2 



n 



- 1 



(42) 



We see that the quantum corrections serve to reduce the volume below its 
classical value. Figure 4 plots the PV-diagram, quantum effects reduce the 
volume to zero at finite pressure, the effect being more pronounced at lower 
temperatures. 



7 Conclusions 

Some consequences of the suggestion in [9], that the correct thermodynamic 
interpretation of black-hole mass in the presence of a negative cosmological 
constant is that it should be associated with enthalpy rather than the more 
usual interpretation of internal energy, have been explored and expanded 
upon. The cosmological constant is treated as a thermodynamic variable 
proportional to the pressure and the black-hole mass is identified with the 
enthalpy rather than the internal energy. The interpretation of many thermo- 
dynamic quantities is modified in this approach: specific heats, for example, 
are naturally calculated as specific heats at constant pressure rather than at 
constant volume and the Euclidean action gives the Gibbs free energy and 
not the Helmholtz free energy. 
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Black-hole solutions of Einstein's equations in any dimension, and with 
any Einstein manifold with constant scalar curvature as event horizon, can 
easily be constructed and the classical equation of state determined. The 
Hawking-Page transition is manifest as a change in sign the specific heat and 
is present for black-holes with an event horizon with positive curvature in 
any space-time dimension greater than three. 

Quantum corrections to the thermodynamics relations for the BTZ black- 
hole in three dimensions have been derived from the partition function in [2T] . 
which includes corrections to all orders in perturbation theory but does not 
include non-perturbative corrections. These corrections reduce the volume at 
a given pressure and temperature, with a finite pressure giving zero volume. 

The considerations presented here will have important implications for 
AdS/CFT approaches to condensed matter systems, in which the specific 
heat at constant pressure has greater significance than the specific heat con- 
stant volume. 

It is a pleasure to thank the Perimeter Institute, Waterloo, Canada for 
hosting a visit during which this work was initiated. This work was partly 
funded by the EU Research Training Network in Noncommutative Geometry 
(EU-NCG). 
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V 

Figure 1: Black hole T-V diagram, showing curves of constant pressure 
in AdS. The blue line shows the stability limit, the region to the left and 
below the blue curve is unstable. 
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p 




V 

Figure 2: Black hole P-V diagram, showing curves of constant temperature 
in AdS. The blue line shows the stability limit, the region to the left and 
below the blue curve is unstable. 
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Figure 3: T-S diagram, showing curves of constant pressure. 
The region left of the blue line is unstable, temperature 
is an increasing function of entropy in the stable region. 
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Figure 4: Black hole P-V diagram, showing curves of constant temperature 
in AdS 3 . The blue lines show the classical curves, P oc Red lines show 
the quantum corrected equation of state. The region left of the blue line is unstable, 
temperature is an increasing function of entropy in the stable region. 
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